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On Runge-Kutta Methods for Parabolic
Problems with Time-Dependent Coefficients

By Ohannes A. Karakashian

Abstract. Galerkin fully discrete approximations for parabolic equations with time-dependent
coefficients are analyzed. The schemes are based on implicit Runge-Kutta methods, and are
coupled with preconditioned iterative methods to approximately solve the resulting systems of
linear equations. It is shown that for certain classes of Runge-Kutta methods, the fully
discrete equations exhibit parallel features that can be exploited to reduce the final execution
time to that of a low-order method.

1. Introduction. In this paper we shall analyze fully discrete Galerkin type
approximations to solutions of the following initial-boundary value problem: Let Q
be a bounded domain in RY with smooth boundary 0Q. A real-valued function u is
sought, satisfying

N
u,=-L(t)u= Y, —aa— lij(x,t)-gl) —Iy(x,t)u in Q x(0,¢*],
(11) ij=1 9% Xj
. u(x,t)=0 on 0 X [0, *],

u(x,0) =u’(x) in;

{1;;} is symmetric, uniformly positive definite, and /, > 0 on Q x[0, £*]. In order to
guarantee the convergence results below, we shall assume that /;;, /, are sufficiently
smooth, and u° is sufficiently smooth and compatible so that u has the required
regularity.

In [11], Crouzeix analyzed fully discrete approximations to u that are based on
Runge-Kutta methods. His methods require, however, the solution of linear systems
with different coefficient matrices at each time step. We shall call this the base
scheme. An efficient procedure applied by Douglas, Dupont and Ewing [13] to a
Crank-Nicolson discretization of a quasi-linear parabolic equation, consists in using
- preconditioned iterative methods with a preconditioner that does not change at
every step, to approximately solve the underlying base scheme. In [5] Bramble and
Sammon used similar iterative methods in their analysis of higher-order (3rd and
4th) single-step fully discrete approximations.

These iterative methods require the stability and consistency estimates to hold in a
special norm induced by the preconditioning operator or equivalents thereof. We
obtain stability and convergence results for the base scheme in such an appropriate
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norm without requiring stronger regularity assumptions on u. We construct and
analyze preconditioned iterative methods to approximately solve the linear systems
that are efficient and preserve the order of convergence of the schemes. We
specifically consider two such schemes. For the first, at every step, using extrapola-
tion of previous values, we obtain an initial approximation which is within the global
order of accuracy of the method, which is then refined an additional O(k) by a
preconditioned iterative method. This scheme requires O(In k1) iterations per step,
where k is the step size.

Our second scheme requires the use of Runge-Kutta methods which are dissipa-
tive in a certain sense. For these schemes, it can be shown that the average work per
step is independent of k. This is achieved by using initial approximations which are
within the local order of accuracy of the method. This scheme is similar to
Algorithm 2 of Bramble and Sammon [5]. See also [13].

Furthermore, we show that for a specific class of Runge-Kutta methods, the
system relating the intermediate values decouples, whereas all these values can be
solved simultaneously, i.e., in parallel. One such family of methods is given by the
(real) collocation methods whose corresponding rational functions have distinct real
poles. In [4] it is shown that this family of (arbitrarily high-order) methods has the
required A ,-stability property, provided the poles are chosen between 0 and -2. For
such methods, the rate of convergence is ¢ + 1, where g is the number of inter-
mediate values.

Two additional points worth mentioning are that under certain conditions the
fully discrete approximations exhibit decay (as does u(¢)); moreover, no use is made
of inverse assumptions.

The paper is organized as follows: In Section two we set the notation and list the
spatial approximation results to be used. Section three is devoted to the description
of the Runge-Kutta methods and their required properties. In Section four we prove
stability and convergence of the base scheme. In Section five, we construct and
analyze two variants of the base scheme obtained by approximately solving the
linear systems by a preconditioned iterative method. We also show that if the
rational function corresponding to the Runge-Kutta method has distinct poles, then
both variants exhibit parallel features.

2. Notation and Preliminaries. For m > 0 integer, let H™ denote the Sobolev space
of real-valued functions defined on Q. For m = 0, let (-,- ) and || - || denote the inner
product and norm on L? = H°. Also, let H} denote the subspace of H! consisting
of functions that vanish on 9§ in the sense of trace.

We assume that { L(#)},, <+ is a smooth family of selfadjoint, bounded opera-
tors from H'*? N H} onto H', for [ > 0. Time derivatives L)(¢t) of L(t) are
obtained by differentiating its coefficients with respect to ¢. For 0 < ¢t < t*, let T(¢):
L?> - H? N H} be the solution operator of the problem L¢ = f in Q, ¢ = 0 on 0%,
with f in L2 {T(t)}¢<,< is a smooth family of bounded operators from H' into
H'*? N H}, with time derivatives TV)(1).

We shall assume that u® € H* for some p to be specified later, and that u° is
compatible so that (cf. [14], [17]), for 0 < ¢ < t*, u(¢) € H*"?/ and ||u")(1)]], <
c(j, D|u%|,, for I > 0, j > O such that [ + 2 < p.



RUNGE-KUTTA METHODS FOR PARABOLIC PROBLEMS 79

For r > 2, let {S,},> o denote a family of finite-dimensional subspaces of L? and
assume that there holds, for v € H' N H},

(2.1) | P —vll<chol, 2<i<r,

A}

where P, is the L%-orthogonal projection operator onto S,. We assume that there
exists a seminorm | - ||, on S, + (H? N H}) which is actually a norm on S,. We
assume that there exists a smooth family {(7,(¢)}: L? —» S, of approximating
operators with the following properties:

(i) For each t €[0,¢*], T,(t) is selfadjoint, positive semidefinite on L? and
positive definite on S,,.

(ii) There exist constants ¢( j) independent of 4 such that

22) [(T() = TOD)f |+ AT (1) = TOD) f|; < (DA f -2,

j=>02<iI<r, feH20<t<1t*
(iii) Denote the inverse of T,(¢) on S, by L,(¢).
{L,(t)} is a smooth family of symmetric, positive definite operators on S, with

(2.3) allolh <llolr < e (Li(t)9,0), O0<t<t* ¢S,
(24) !(Lﬁ,”(t)qb,\P)!sZ‘(])|I¢H,H4/H,, ]ZO’OS tSt*, ¢’\(’Esh'

Galerkin methods giving rise to operators T,(¢) satisfying the above assumptions
include the standard Galerkin method, two methods of Nitsche and the Lagrange
multiplier method of Babus$ka. For the verification of these properties, see [17].

The following two inequalities are direct consequences of (2.3) and (2.4) (cf. [3]),

25)  |TAOLPETA <), 305000,
26) LT () |+ T2 L2 () < e sore [0,e%].
Note that || - || is used here to denote the L? operator norm restricted to S,

For 0 < t < t* let w(t) = Pg(t)u(t) denote the “elliptic projection” of u(z), the
solution of (1.1), where P.(t) denotes the operator T, (¢)L(t): H> N H} - S,. With
1n(t) = w(t) — u(t), a suitable extension of Proposition 2.1 of [5] gives

2.7 2|+ rla2() |l < eh|w®|,.,,, = 0.2<I<r, 5,0 €[0,%].

Note that the case j = 0 follows directly from (2.2).
Let k = t*/n* be the time step size with n* a positive integer. With L} denoting
L,(t")= L,(nk),0 < n < n*, for ¢ > 0 we define the family of norms on S,

(2.8) ol =ll6l” + c|(kLy) 0|, s € s,

It follows from (2.6) that these norms are equivalent. For ¢;,¢, > 0,

29) di(crc)ll9lle,.m <Nl 0 < daler, N, O <mm <n.

3. The Fully Discrete Approximations. In this paper, we shall consider Implicit
Runge-Kutta methods, IRK for short. These methods are characterized by a set of
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constants
an g | T
an Qg | Tq
b, b, I

where the integer g > 1 is the number of intermediate stages.
Given an approximation U;' to u(nk), where u is the solution of (1.1), we define
U;*! in the following way:

(3.1) Urtl= U - k qu b,L, (™) UM,

where -

(3.2) Uri=Ur—k i a, L,(t"UM,  i=1,...,q,
=1

and j

(3.3) UL = (I+ kAL,(0))" Py(1 + KAL(0))u®.

Here "/ = t" + kt, j=1,...,q, and A is a positive constant to be appropriately
chosen below.

If the array 4, (A4),; = a,;, is invertible, as will be the case with all the IRK
methods considered in this paper, then (3.1) can be written in the form
(3.1) Urtt= (1 - b"a7%)Uy + 6740,
where b,e € R? are given by b = (b,, by,...,b)and e = (1,1,...,1); and U; € &,
= (S,)%is given by U = (U™, ..., U™9).

To every IRK method, there corresponds the rational function r(z) =1 —
zb™(1 + z4)7'e, representing the map y"*! = r(kA)y” obtained by applying the
method to the ODE y’ = -Ay. Often it is more convenient to characterize the
stability and accuracy properties of the IRK method in terms of r(z).

We shall consider IRK methods which yield (unconditionally) stable and accurate
approximations to u. Specifically, we consider methods for which

(3.4) |r(z)|<1, z=0.
Note that (3.4) implies that
(3.5) 1>r(z)>-1+6 forsomed > 0andall z> 0.

It is well known that ||u(¢)|| is a decreasing function of ¢. It would be preferable
then to use methods which transmit this property to the approximations. For such a
purpose, the following property is crucial:

(3.6) sup |r(z)]|<1.
z2y>0
Note that since r(0) = 1, if (3.6) holds, then § > 0.

We shall also consider IRK methods possessing the so-called Algebraic Stability
property (cf. [7], [9], [12])

{bi >0,

(3.7) a;;b; + a;;b; — b;b; positive semidefinite.
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This concept of stability is not only stronger than that of (3.4) but also encom-
passes that of B-stability (cf. [12]).

We shall require these methods to satisfy the following two consistency condi-
tions: Let » > 1 and p > 2 be the largest integers for which there hold

(3.8) bTle = 0<li<v—1,

1+1°

(39) ATle = %THle, 0<li< P — 2,

where T is the diagonal matrix T = diag{r,..., 'rq}.
In general, » < 2¢g and p < g + 1. It also follows from (3.8) and (3.9) that

(3.10) e —r(z)=0(z*), a3 2for|z|small

The following are examples of IRK methods:
(1) Backward Euler

1]1
, =1, =2
1 p
satisfies (3.7), (3.6) and (3.5) with § = 1.
(i1) Crank-Nicolson
2
1/ 1/2’ y=2 p=2
1
satisfies (3.7), (3.5) (with 8 = 0) but not (3.6).
(111) Calahan
B 0 B ) )
1-28 B | 1-8, ,3=‘2‘(1+ﬁ); v=3 p=2
172 172
satisfies (3.7) and (3.6).

In the sequel, we shall prove O(k™™*?) + h") rate of convergence estimates for
the approximations generated by (3.1)—(3.3) with IRK methods satisfying (3.4), (3.8)
and (3.9). We would thus like to work with methods for which p attains its upper
bound g + 1. In this respect, the class of (real) Implicit Runge-Kutta Collocation
methods (IRKC) is particularly interesting (cf., e.g., [4]). Arbitrarily high-order
(v = p > 2) and stable (in the sense of (3.6)) IRKC methods can be generated as
follows: For ¢ > 1 and {v,}{., real, let

q q
0(z) = H 1+ Yiz) = 2 sjzj’
i=1 j=0
where {s;}9_, are the “symmetric polynomials” in vy, ¥,, ..., ¥
s0=1, sj: Z Yil - Yi/‘

ll<~-~<lj

We next define the polynomial N(¢) = 39 (—1)fsjt"‘f/(q —J)!, and let

Jj=0

B1)  P(2)= X (D)TNOW)ET, r() = P(2)/0(2).

Jj=0
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Further, assume that the following holds,
(3.12) [ Ny =o.

0

We have

LEMMA 3.1 [4]. For any q > 1, let r(z) be given by (3.11) and suppose that (3.12)
holds. Then

D) If v,>0,i=1,...,q, then N(t) has q distinct positive roots T, ..., T,

(i) The IRKC method given by A = TVZV™, bTV = eTZ, where Z =
diag{1,3,...,1/q)} and V is the Vandermonde matrix V, , = ~1 satisfies (3.8) and
B9 withv=p=gq+1.

(iii) If v, >  then (3.4) holds, and (3.6) holds for ¢ > 3. For ¢ = 1 or q = 2, (3.6)
holds provided v, > %, i = 1,...,q. In fact, the coefficients of P(z) and Q(z) satisfy

P.
l—Q#l <1 fori=1,...,q,9>1ify,> %; and
|2, . .
(3.13) ol <1 frg>3iy> band
q
|P,|

Q—<1 forq=1lor2ify > 3. O

If vi,...,v, are all chosen equal to a common value v, then condition (3.12)
becomes equivalent to having y satisfy L{,(l /v) = 0, where L},(x) is the Laguerre
polynomial of index 1 and degree g. We thus retrieve as a special case a class of
“restricted” rational functions used in [2] and [15], among others.

It is also known that for IRKC methods, v;, ..., v, are the eigenvalues of A. Thus,
if the y,’s are distinct (in addition to satisfying the conditions of stability and
consistency), then we can write 4 = S~'AS, where A = diag{v,,..., yq}. In Section
5 we shall show that in this case the equations (3.2) decouple, leading to g
independent equations that may be handled simultaneously.

We end this section by exhibiting a family of 2-stage third-order IRKC methods
(v =p =3). Let y;,v, be two free parameters. The relation (3.12) in this case
reduces to

(3.14) t—in+tv)+tyr,=0

and gives » = p = 3. Furthermore, a straightforward computation gives 7, = vy, + v,
[,2 2 - [2 2
tyvtvr, =ty Yty

— 1.2 1.2 -1

4= 1 L T -7 b= 1 T, T2
= , = .

= Z 1

LT i1} -7, + i1} T, T T -m ot 3

It can be shown that for y;,y, > %, this family of methods satisfies (3.7), and (3.6)
if, in addition, y;, ¥, > 3. In a similar manner, arbitrarily high-order (» = p = ¢ + 1)
IRKC methods can be constructed satisfying (3.6). However, it is known that for
v > 2, (3.7)—(3.9) imply that » = 2¢ — 1 or 24 (cf., e.g., Theorem 1 in [6]). Thus, for
this class of methods, (3.7) cannot hold for ¢ > 3.
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4. Stability and Convergence of the Base Scheme. Letting Z": %, — %, denote
the operator diag{ L}"',..., L9}, with L/ = L,(¢t"/), we can write (3.2) and (3.1)
as

(4.1) (I + kAP0 = eUy,

(4.2) Up*t = RpUp = {1 — kb"@p(1 + kAZ7) e} Uy

Here A2, is understood in the sense of composition of operators on #,, with 4
viewed as an operator on (L*)% Similarly, we define % = diag{L%,...,L}}.
Let us also mention that, in the sequel, ||-|| will also denote the norm

{Iall*> + - -+ +l@ 1*}'/2, with (¢y,...,¢,) €, as well as the corresponding
operator norm.

We now briefly describe the results of this section. In Proposition 4.1, we establish
the invertibility of the operator (I + kA#;) and obtain estimates on norms of
various associated operators, provided the eigenvalues of A satisfy ReA > 0 and
A # 0. This condition will be assumed throughout the paper; in fact, we shall assume
in Section 5 that the eigenvalues of A are positive, real. The proof is a simplification
of that of Crouzeix. We give it here for the sake of completeness. In Theorem 4.1, we
obtain a stability estimate for the operator %, in the ||| - ||l-norm, for IRK methods
satisfying (3.4) or (3.6). In Theorem 4.2, we obtain an improved stability estimate for
methods satisfying a stronger version of (3.7). In Theorem 4.3, we estimate the local
truncation error, again in the ||| - [l-norm, for methods satisfying (3.8) and (3.9).
These results, when combined, give the convergence of the approximations generated
by the base scheme (3.1)—(3.3).

PROPOSITION 4.1. Suppose the eigenvalues of A satisfy ReX > 0 and X # 0. Then
(1) I + kAL is invertible and the following estimate holds:

(4.3) (k) (1 + ka2y) || < 0<0<1,

where (£)? = diag{(L})%,...,(L})%}.
(ii) There exists a k, > 0 such that for k < ko, I+ kAP is invertible and the
following estimate holds:

(4.4) (1 + k)| +||(k2) (1 + kaZ) | < €

Proof. (i) Let S7'AS be the Jordan decomposition of A, with A lower triangular;
then I + kA% = S7'(I + kAZ/")S. Let A, be the i, X i, block of A correspond-
ing to the eigenvalue A, and consider the diagonal operator £, = diag{L},..., L}}
on (S,)*. Now I + kA % is invertible since L} is symmetric, positive definite,
and ReA > 0. It follows that I + kA%," is invertible. Moreover,

45) ((1+kn,2n)" % =i

. + n L= P —(i—j

( ) (( s hs) )1/ (—kLZ)l j(I+kASL71) ( ]+1)’ 1<j<l< .s‘
Using a spectral argument, it follows from (4.5), since ReA > 0 and A, # 0, that

for0 < 0 <1, (kL)% + kA, 2%)Y|| < c. This in turn gives (4.3).

(ii) We write I + kAP = (I + kAZL")(I — E), where
(4.6) E=(I+kA®!) 'ka(Lr—27).
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Letting " = (&)™ = diag{T},..., T/}, we have
(L)1 + kAZI) T = (1 + kagy)(1 - (&) E(T1)).
It follows from (2.5) and (4.3) with § = 1/2 that
(4.7) ()2 E(7:0)? || < ck.
Hence, I + kA.?,," is invertible if ck < 1. Now, as in the above,
(k) *(1 + ka2)7|
(4.8) ___“[I —(.?,,")VZE(F,,")I/Z]_l(kf,,")l/z(l + kAgh,,)-ln <c,

from (4.7) and (4.3) with § =1/2. Now note that from (4.8), (kL) %| <
cl(I + kAL for all ¢ € &,. Thus, from (2.6),

Il = (1 + kA 2)$,6) — k(AL6,$)
~ 2
<1+ ka2l ol + c|(kzr) o]

Using the arithmetic-geometric mean inequality, we get from the above that ||¢|| <
(1 + kALMo|, or (I + kAL < c||¢|, with ¢ € &,. This together with
(4.8) gives (4.4). O

THEOREM 4.1. Suppose that the eigenvalues of A satisfy ReX > 0, A # 0 and that
(3.4) holds. Let ¢",¢"*1, y"* in S, be given by {"*! = RI¢" + Y"*1. Then there
exists a constant ¢ such that for any c* > 0,

2
v < L+ )"0
é
= ([1 = r(eLp)] [T + ekLz]§7,87) + ek |y

|||§n+l

2
c*n+1s

where 8 is as in (3.5). Moreover, if (3.6) holds and the constant c(1) in (2.5) is
sufficiently small, then ¢ < 0.

Proof. We let rf' = r(kL}) and note that r] = I — kb" /(I + kAL]) e. We
have

2 2
@10) e <l + 20 p = L e + 2w g
From (2.3), (3.4) and (3.10) it follows that there exists ¢; > 0, k, > 0 sufficiently
small such that

4.11 nl =
(4.11) rl \max

moreover, ¢, > 0 if (3.6) holds. This implies that I + r; and I — r;' are nonnegative
definite. Hence, using (3.5) and (4.11),

r(kA)| <1—-ck, 0<k<kg

lrzen I = ()2 87) =18 1° = (12 + w2112 = i ]2, 11 = 1]
(4.12) <lgI” = 8((1 = rp)8m,8")
< (1= Fek)enl = 3(12 - rlenn.
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Now with E as in (4.6), after lengthy computations,

(4.13) R — = bT[(I + kA.S,P,,n)-l(k:?hn)l/zl [(g;'n)l/Z(ghn _ ghn)(%,,)l/z]
| X [I - (-?h")1/2E(~7}")1/2]-l(k.?,,")l/z(j + kAyhn)-le.

Hence, from (2.5), (4.3), and (4.7), for k sufficiently small,

n n n 172 n n n
(414) ||=; - ry| +||(Lh) / (% = (T )1/2”< ¢k, c;=c-c(1).
Using this and (4.12) in (4.10), we get for any ¢ > 0,

6
(1= cgk = )" < (1= S+ eok Il = 3 (11 = rile)

S s
Now letting §' = (KL})/%', i = n,n + 1, and §"*! = (KL})"/%"*!, we get exactly
as before,

= 2 ) -
(1= ek = e)JE 1" < (1= Stk + ok 1817

2 (11 - r18nEr) + e

(4.9) now follows from the last two inequalities and (2.5). Also, if § > 0 and ¢, (i.e.,
¢(1)) is small, then it is the case that ¢ < 0. O ‘

The constant ¢ in (4.9) is negative provided (3.6) holds and L,(¢) changes slowly
with z. We shall show that this latter requirement can be waived in the case of
methods that satisfy a stronger stability condition and are dissipative in the sense
that

(4.15) [r(e0)| =]1 — b7A%e| < 1.

THEOREM 4.2. Suppose that the eigenvalues of A satisfy ReX > 0, A # 0 and that
(3.7) and (4.15) hold. Suppose in addition that b; > 0, i = 1,...,q. Let {"*!, ",
V" in S, satisfy {"tY = R + Y"*L. Then there exist constants c*, ¢; > 0, < 0
such that

2 ~ n 2 ngn gn - n 2
(416) |||§n+1"|c".n+1 < (1 + Ck)m{ "Ic".n - clk(Lh§ 7§ ) + ck lI"‘l’ 1 c*n+1-
Proof. For simplicity we shall assume that y"*! = 0. Let {¢'}7_, in S, be given
by

q
(4.17) o'=¢"—kY a;Lpiel,  i=1,...,4q.
j=1
Then
q
(4.18) (="~ k) b Ly
i=1

Now from (4.17) and (4.18),

q q
”{nw‘—l"z = “§””2 -2k E b,-(f", L;','i(#i) + k2 Z b,'bj(LZ"d’i’ LZ./'q,j)
i=1 ij=1
2 a . . kl . o
=8"1" - 2k ¥ b,(¢, L39) = k> X m, (L}, L),

i=1 i j=1
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where m, = a, b, + a;b, — bb,. Letting L;'¢’/ = ¥{_,c;x,, where {x,}/_, is an

Lz-orthonormal basis for S,,, we get

q d q
E mij(LZ‘l(pla sz¢j) = Z Z ml_/ il j/ > 0.
iy=1 I=1 1,j=1
Hence,
n+1 2 n 2 J [} 2
(4.19) e 7 <8I = 2k X b, (Lye,¢) <l8" I

i=1
Also, from (4.17) and (4.18) with a;} = (41

1y

q
(L"§"+l §n+l) (ngon §n+l) k Z b'(Lz,l‘pi, L2§n+1)

—r(oo)(L;’,ﬂ'" §n+l) + Z b,a (LZ(PJ §n+l)

1, 7=1
Thus, for any ¢ > 0,

{1 = 4lr(e0) | = e} (Lpgm* 1 7*1) < Sr(e0) [(L7E". " )+ce“1Z (Lig'¢').

Now it follows from (2.5) that (L}¢, ¢') < (1 + ck)(L}'¢', ¢'). Usmg this together
with (4.19) and the fact that b, > 0, we get

{1 = 4lr(e0)| — e} (Lygm+,¢m*)
< 3r(e0) (L7, 87) + clek) {18717 = g7}

Since |r(o0)| < 1, we can choose ¢ > 0 small enough so that for positive constants
¢y, €5, €3 With ¢; > ¢, + ¢; we have

I|§n+l"2+ c3k( 2§n+1,§n+1)

S”.(n”z ey + )k (Lg",§") — ek (L38",8").
Using inequalities (2.3) and (L}+%"+1 (" 1)y < (1 4 ck)(LpE"*L, ¢+, (4.16) fol-
lows from (4.20). O

Remark 4.1. Tt follows from (4.9) or (4.16) that [|U/|ll«, < (1 + &k)"IULIl .
Now if ¢ is negative, this could be interpreted as decay. For “long time” calcula-
tions, the dependence on ¢* of the constants in (2.4) and (2.3) plays an important
role; if these constants grow with ¢*, then k must be chosen accordingly small in
order to have ¢ < 0.

We have assumed above that #° is sufficiently smooth and compatible so that
u(t) is smooth for 0 < ¢ < ¢*. Now since some of the constants 7, may be greater
than 1, we shall henceforth assume that u(¢) is smooth for 0 < ¢ < t** = ¢* +
k max{0, max, (7, — 1)}.

(4.20)

0

THEOREM 4.3. Suppose that the eigenvalues of A satisfy ReX > 0, A # 0, and that
(3.8) and (3.9) hold. Suppose u® is sufficiently smooth and compatible so that
u(t)€ H N H, u'(t)e H2 N HY, V(1) € L% 0 < t < t**, and that a con-
stant c, exists such that
(4.21)  u (1) |l m < culle®]ls, >0,2j+m<p,0<t< e,

where p = max{r + 2,2(oc + 1)} and o = mln{ P}
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Then, for any c* > 0, there exists ¢ = c(c*) such that
(4.22) ||Rrw" = W' o i1 < ck{k®+ kT M2+ kY20 + b7} u0|.
Proof. With W™ = (w™, ..., w"9)7, w"/ = w(¢™/), and F" € &, given by

- - 4 ko
] n n_ _ ) _ o—1 N (e)(4n
(4.23) (I + kA2 )F { 5 AT }e(o — )1 wio(e"),

we write for some E" in &, ,
(4.24) (I+ kALY W™+ F"+ E") = ew".

We let #,, Pp, 2" denote the diagonal operators with entries P,, P/ =
T,(t™)L(t™") and L(t™%), i =1,...,q, respectively. With U" = (u™, ..., u™9)7

and using &' W" = P, 2"U" = -P,0", from (4.24) we get
(4.25) (I+KkAP)E"= (1 + kAP E" + ew" — W" + kAP0
' = —(I+kAL))F" +{ew" — W" + kAW, } + kA(20" — W").

With z(z) = w(z) — Pyu(t), and 9 denoting the diagonal matrix satisfying e =
{T°/a — AT° 1} e, from (3.9) we get

(4.26) W"—ew" — kKAW = k ~Dew@(1") + Z7,

(6 —-1)

where for i = 1,..., ¢, and assuming for simplicity that o > 2,

o —

(Zy), = “Lgezm(t") + + o (e — s)o_lz(")(s)ds
(o — 1) CE

9 n.j . o—
L a =) sy as

(o2 3 e

+ ;lfj::".i (em — 5)° Pout°*V(s) ds

k il " n.j c—1 (o+1)
e Y a,,jt" (1" — 5)° " Pyt D(s) ds.
e

Using this and (4.23) in (4.25), we get
(427)  E"=—(I+kAd))'Z7 +(1 + kA2!) 'kA(20" — W),
Now, using the identity
(4.28) kAL (I + KAL) =1 —(1+kAZ!) " = (I + kA 2)) kA2,
from (4.24) we get
(4.29) Ziw" —w' = w"— w4+ TA YW — ew”) + bTATF" + bTAE",
Expanding W" in a Taylor series at ¢ = ¢”,

o—1 ki+1

(4.30) BTANW" — ew") = ¥ bT4ITI*e

T )+ 6z
=0 :
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wherefori=1,...,q,

(28),= gy {-Cen) @) + o [ (174 = 5) T4 (s) ds
. I"

+ 7 (= ) ue D (s) ds .
t"
From (3.8) and (3.9) we have b4 !T'*le =1, for 0 < /< min{p —2,» — 1}.
Using this in (4.30), from (4.29) we get
o—1
kl

n,,n n n n - o k° o n n
(431) Rrwn — whtl = ,go -l—!-w(l)(t ) — w1l 4+ b7 I{T e;—!-w( (") + F }

+bTAT'E" + bTA'Z].
Using (4.28) and (4.23), we get
b 1 e (1) + )

= pTro-le wO(t") + bTA NI + kdZr)™!
(4.32) (o —1)! ) ( 7
Pn k° (0)(4n
XkA.S?,,Qe(o — l)!w (")
= M} + MJ.

Note that from (3.8), b"T° ' = 1/0. Hence, M] = (k°/a")w'®(¢t"). Using this
and (4.32) in (4.31), we get

L]

(4.33) @pw" —wtl=1| Y %—w"’(t") —w' | + M} + bTATE" + bTATZ].
1=0

We now estimate the terms in (4.33). From (4.27), and using (4.4),

(4.34) |BTAE"|| +|(kLp)' 2T E | < {22 + Kl 20 - W}
Now from (2.1) and (2.7),

20" — Wl < cmax | Pyt = wim|

(4.35) . . ,

< max (17— ut4] ) < el
(4.36) 12 < c{kn? + ko g0y
We have, by using Z79Pp = 9P, £" and (4.28),

. k°
My =
@37~ (e=1)

bTAN[1 - (1 + ka2y) | B [ew®(17) ~ Ppeut(17)]

+k(I+ KAL) ADP P eu (1)}
Using || 2 "eu®(t")|| < c||u®|5o+1, and (4.4) in (4.37), we get
vid n\1/2 yrn
| ¥25)| + | (kLy)* 81z |

(438) < k7w gy + ok max {[w (") = P (7]

+[|(kLp) 2w (27) = PEiu@ ()] |}
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Now from
w@(1") = PRu@ (") = w@(e") = u (") + (T = TP ) L™u(@ (),

and using (2.2) and (2.7), we get

(4.39) [w(27) = PEiu@ (") || < ch?|u®

Similarly, from (2.2), (2.4) and (2.7),

(kL) [ (27) = PRiu(em)]|
(4.40) < k2 {[w@ (") = u @) [ + (7 = T )L () | )
< kAU gy
Using (4.39) and (4.40) in (4.38), we get
(4.41) | M3 +||(kL3) 2 B3| < e (k=*Y + KTV 2h + kh? )|

2(0+1)°

2(a+1)°

It remains to estimate the first and last terms in (4.33). These are similar, so only
the first term will be considered. We have
[ k[
p= Z 1—'w(l)(t") — gl
=0 **

1 il o-1
= — ! ko) (¢n) — n+l _ (0)
o!{k 7¢(¢") oft" (¢ $)" T (s) ds

_j‘:"“ (en+! - s)"u("“)(s)ds}.
‘ll

Now from (2.7) it follows that

(4.42) ol < ck{k®~*h? + k|| u® 01 ny-

To estimate ||(kL?)!/?p||, we write with P} = T,"L",
h E h

p = ar{ken () —a [T (741 =) T s) s

"
"

+1

k(1= PRl = o [ (70 = )" 1 = PELu(s) ds}

d
"

i L T GO R I Gt e R O

=p1t Py
From (2.3), (2.4) and the Cauchy-Schwarz inequality,
2 2 2 2
(Lip,p) < cllollr < clledll; + cllally < cllplly + c(L7ps, p2)

2
<clell; + cllepzll("P" + "Pl“)

Now using (2.2) and (2.7) we get ||p;ll + Allpill; < ck"h2||u°||2(,+1). Also, using
L2 P} = PyL", we have || L}p,|| < ck°||u®||y+1)- Hence,

(4.44) I(,L3) || < ck {k° + k=R Y|4 3001y
(4.22) now follows from (4.33)-(4.36), (4.38), (4.41)—(4.44) and (2.9). O

(4.43)
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Remark 4.2. Using Young’s inequality, we get k° 'A% + k°~1/2h < c{k° + h"})
under the mild restriction 26 > r. The above inequality also follows from h? < ck,
for any constant c. Alternatively, we could have obtained the bound k{k° + h"}
directly at the price of imposing slightly higher regularity on u°.

Henceforth, we shall let &= &(k, h,0,r)=k°+ k° h* + k°~Y2h + h". We
have

THEOREM 4.4. Let {U/"}"_, be given by (3.1)—(3.3). Then under the conditions of
Theorem 4.1, or Theorem 4.2 and Theorem 4.3, there exists a constant ¢ = c(c*) such
that

(4.45) Jmax U7 = wll, < c8lulh,
(4.46) max Uy — u"|| < c&lu’]a,
osn<n

where = max{r + 2,2(¢ + 1)}, o = min{ p,»} and c* is as in Theorem 4.1 or
Theorem 4.2.

Proof. From (4.22) and (4.9) or (4.16),
U+t = wr e < @+ ST = w5, + ek,

0<n<n*-1.

A standard technique then yields

2 n—1
o ¥ kYL T (1 + ak).
=0

2 ~
|“ Uhn - wn”lc*m < (1 + Ck)n“'UhO - wO

Note that
=0,
¢<0.

o

Z 1+ 2’ {(I 2y,

It remains thus to estimate [lU,° — wOlll 0. But from (3.3), (I + kKAL) UYL — w°)
= Pyu® — w® Since A > 0, (2.1), (2.7), and (4.3) give at once [lUL — wOlll+o <
ch’||u®,. O

Remark 4.3. The dependence on ¢* of the constant ¢ in (4.45) and (4.46) can be
described in terms of the dependence on * of the constants in (2.2)—(2.9) and ¢, in
(4.21), and the sign of ¢. If ¢ > 0, then ¢ may depend on ¢* exponentially, regardless
of other factors. If, on the other hand, ¢ < 0 and the above constants are indepen-
dent of ¢*, then c is also independent of ¢*.

5. Preconditioned Iterative Methods. The base scheme (3.1)-(3.3) involves solving
at each time step a linear system of equations with coefficient matrix I + k4.2
(with respect to some basis for S,). Two major difficulties are immediately revealed.
Since 4 is in general a full matrix (e.g., this is the case if » = p), I + kA2 is, in
general, a full ¢ by g block matrix. The second difficulty stems from the fact that
#;" depends on n, and hence requires new factorizations at each time step.

In this section, we shall describe two variants of the base scheme, which will
substantially alleviate these difficulties, and at the same time, will preserve the
stability and accuracy of the base scheme. Furthermore, we shall show that if the
eigenvalues of A are real, positive, and distinct, then the g intermediate stages
decouple, i.e., they can be solved independently and simultaneously.
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We begin by describing a class of Preconditioned Iterative Methods (or PIM)
designed to avoid new matrix factorizations at each time step. Such iterative
methods were used in the context of time stepping for parabolic problems by
Douglas, Dupont and Ewing [13], and Bramble and Sammon [5].

Let 5 be a finite-dimensional Hilbert space with inner product (-, ) - and norm
Il - 1= (-,- )’* Suppose M, M, are symmetric positive definite operators on #,
and are equivalent in the sense that for constants ¢, > ¢, > 0,

(5.1) (M, 9) < (M, 0) < c;( My, ¢) » Vo EF.

Suppose also that we want to solve the linear system Mx = b, b € 5, and that
solving the linear system M,y = z is relatively inexpensive. Given x@ € 5, these
PIMs (with M, as the preconditioner) generate approximations {x’}/_; to x.
These iterative methods possess the following properties (cf. [1], [5]).

(1) Given {x}/_, calculating x/*V involves only evaluating M¢, My,
¢ € ¢, computing inner products (M¢, ¢) ., (My$, $) » and solving linear systems
M0¢ = ‘l” ‘l’ ENX.

(2) There is a smooth decreasing function p: (0,1] — [0,1) with p(1) = 0, and
such that (with ¢;, ¢, as in (5.1)),

(5.2) 1M572(x) = x) e e[p(er/e) ]| M52 (x© = x) |-

A particularly efficient PIM is the preconditioned conjugate-gradient method,
with p(s) = (1 — V5)/(1 + V5). Also, it does not require knowledge of the con-
stants ¢, and c,.

In the sequel, we shall let #= S, and equip it with the L?-norm.

Since 2" contains operators L,(-) evaluated at different time levels, we shall
consider the splitting I + kAL — kA(ZL; — 2/") and use it to define the iteration
(5.3) (I+ kAL, =eU + kA(&Lr — L)V, 1=0,1,...,; Vy €,

We shall refer to this as the “outer iteration”. The following result concerns the
application of (5.3) to the system
(5.4) (1 + kAL )V = eUy.

PROPOSITION 5.1. Let V" € &, be the solution of (5.4) and let {V"},, o be given
by (5.3). Then for any c¢* > 0,

(5.5) V" = Viilleo < c(e))kllV" = v 0 [>0.
Proof. From (I + kAL XV" — Vi) = kA(L; — L) V" — V/"), written as

Ve — Vi =1+ kagy) (ken) 2 a(a) (e - 20)( 7))
x (k&r)' (v - vy,

(5.5) follows by using (2.5), (4.3) and (2.9). O

In what follows, we shall be able to restrict the number of outer iterations to one
for n > 0 — 1. For n < 6 — 1, we need not iterate more than ¢ times.

We shall approximate V| in (5.3) using a PIM, which shall be referred to as the
“inner iteration”. Let S~'AS be the Jordan decomposition of 4, with A lower
triangular. With ¥,/ an approximation to V", we write (5.3) in the more convenient
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form (redefining V% ;)
(I + kAL)SV, = SeUP + kAS(Lr — 21V, 1=0,1,....,
I+ kAL
(5.6) I+ Ay = k():)LZ . .I-I.-k)\zLZ . .0 ,
N kOq_l.L;,; T+ kAL

where for g > 1, 6, = 0 or 1. With §, = 0, we write (5.6) as

(I+KkXLp)(SV), = (SeUy + kAS(&r = Zr)Vimi),
0_.L:(SVe) 1, i=1,...,q.

For A > 0 fixed, I + kALY and I + kA,L} are symmetric, positive definite and
equivalent in the sense of (5.1). With an initial guess V"9, we apply j, , iterations of
the PIM recursively for each i, i = 1,...,q. We obtain

(5-8) I"VI+1 - Vl+f'+l A0 B/+l|" V/+1 VI'-IO-(I) "lX,O’ Bl+1 <1

We now make the following simple but important observation: If the eigenvalues
of A are distinct, then §, =0, i = 1,...,q — 1, thus the matrix I + kA L} becomes
diagonal and (5.7) decouples into ¢ independent linear systems, which can be
handled simultaneously, or in “parallel”, on a computer with at least ¢ independent
processors. An equally important fact is that we know how to construct IRK
methods having the required properties; specifically, the (real) IRKC methods
described in Section 3. These methods are of arbitrarily high, optimal order (optimal
in the sense that » = p = g + 1) and stable in the sense of (3.6) (or (3.7) for ¢ = 2),
and with eigenvalues of 4 that are real, positive, and distinct. A reasonable choice
for A would then be ¢™'L9_, A

We next analyze a procedure that consists of a cycle of one outer iteration
followed by a certain number of inner iterations.

(5.7)

PROPOSITION 5.2. Suppose the eigenvalues of A a real and positive. Let V™' be an
approximation to V", the solution of (5.4), and let V{+' be an approximation to
V%1, the solution of (5.6), obtained by applying j,,, iterations of the PIM with
I + kALY as preconditioner, X > 0, and initial guess V" = Vi Then

(5.9) v = Vit llso < {ck + B} IV = Vi lx o0
Proof. From (5.5), (5.8) and since V"9 = ¥,

Ji+1

v = vidlko <V = Viallo + Vi - vief:

ko
< ckllv" = vrillo + BiaallVies = Vil
Also,
IV = Vi tllso <V = Villxo + V" = Vol
< (ck+ DIV = 7l

Using this inequality in the previous one, we get (5.9). O
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For simplicity, we shall take 8, = 8, = --- = B,. We are now in a position to
define and analyze the first variant of the base scheme. Let U? be given by (3.3) and
assume {U/}"_, is given. We define the initial approximation V5" to V", the
solution (5.4), by

m
(510)  (¥°),= L y7Ur~”, m=min{o—-1,n},i=1,...,q,
Jj=0
where the coefficients y/7 are given by
m_ (“1)11_1;10;1*/(1 + 1)
v j{(m =)}
'y,.%=1, i=1,...,q.

R i=1,...,9,j=0,....m, m>1,
(5.11) 7

With V30 as initial guess, we obtain an approximation V"%~ to V" by applying
the outer-inner cycle ¢ — m times with 8, = ck (notethat o — m = 1forn > o — 1).
We then let (along (3.1"))

(5.12) Up*t = (1= bT47'e) Uy + bTATV oo,
We have

THEOREM 5.1. Suppose the conditions of Theorem 4.3 are satisfied, (3.4) holds and
that the eigenvalues of A are real positive. Let the sequence {U,"}"_ of fully discrete
approximations be generated by the first variant of the base scheme. Then, for some
constant ¢ > 0,

(5.13) max (U = W[, < el s,
Oogsngn*
(5.14) max [|Uy — uj|| < c&lu®llu,
<n<n*

where c* is as in Theorem 4.1 and & as in Theorem 4.4.

Proof. With {/ = w’/ — Uj, we consider the error equation
(5.15) ¢l = Wl - wn + R+ RRUY — Up
Now since 8, = ck,

”“@;Uhn _ hn+1

s =6 — i)
< Cko-mmVn - VO".O *.n+12

from (5.9), (5.12) and (2.9). Now with W", F", E" as in the proof of Theorem 4.3,
letting 1'_‘,.”‘ = diag({ v}, yz’”j,...,y‘;’}},

c*.n+1

(5.16)

yr— Von.O =y — Z I‘jmeUhn—j
Jj=0

nm m
= X T/ren/ —(1+ kAPr) ‘et" + Fn+ E"+|W"— ¥ Trew"™|.
/=0 =0

From (2.7) and (5.11) it follows that

< ckm+1||u

c*.n+1

0"2(m+2)’ m=0,1,...,0 — 1.

m
(5.17) '“W - ZO Lew™™/
J=
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Now as in the proof of Theorem 4.3, it can be shown that
(5.18) WE" + E"lewnsv1 < c{k® + kh" }[|u°u.
Using (4.4), (5.17), (5.18) and (2.9), we get

emi1 S C > |
j=0
Using this and (5.16) in (5.15) together with (4.9) and (4.22), we get for 0 < n < n*

(5.13), and then (5.14), follow at once. O

In contrast to Theorem 4.4, the constant ¢ in (5.13) may depend (exponentially)
on t* (cf. Remark 4.3). Also, following each outer iteration, the inner iterations must
produce an O(k) refinement, which in view of (5.2) will require O(In k') iterations
per step. We shall next analyze a second variant of the base scheme which is superior
in both respects. It is similar to Algorithm 2 of Bramble and Sammon [5]. This
algorithm requires the IRK methods to be dissipative in the sense of (3.6) or as in
Theorem 4.2, and necessitates the use of initial approximations more accurate than
(5.10), (5.11). However, under these conditions, we will show that we need to take
B, = ct!/%, for some 0 < ¢ < 1, thus requiring (as in [5]) an average number of inner
iterations per step that is independent of k. Also, the dependence on t* of the error
constant is similar to that in Theorem 4.4.

For the second variant of the base scheme, with U? given by (3.3), we generate
Ul,...,U?*! using the first variant. For n > o + 2, we shall need to use improved
initial approx1mat10ns to V". For technical reasons, we are unable to use
U U Y, ... as before. We shall instead use the intermediate stages. Assuming Up,
(U1, Ny Vide-myn=d n > o + 1, given, we obtain an initial approximation Vg"® by

v -

Il|eeney + ck (k™ + B} |40

ey + k& 0|5,

2 m )
rene1 < (14 )82, + ck T I8
J=1

o+1

(5.19) V0= ): (-1)'" ‘("“)V" Li-m, p=o0+1,...,n* — 1.

We then apply a single outer iteration followed by j; inner iterations to obtain

(5.20) lvr—

e < {ck+ BV -

Our first task will be to estimate [[[V'" — Vg"ll|+ ,+1. Letting G/ = V! — V/-Joom,
1=0,1,...,n* — 1, we have

c*n+1°

PROPOSITION 5.3. Suppose the conditions of Theorem 4.3 and Proposition 5.2 are
satisfied and let V"° be given by (5.19). Then for any c* > 0,

o+1

v - enatt ¢ X NG lesn-s
=1

o
e <e X I -
=0

(521) o+1

+ck X ||
=1

et + k& u® |,

n=o0+1,...,n* - 1.
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Proof. We have

o+1

Vr— VO = (1+ kAZy) eUy - Z( 1" 1("“)V" ~ldn-m

a+1 N o+1 1o 41\ ne
EO( 1)( )(1+kA.sfh ) leUr! + Z_‘,l (-1) ( J; )G .
Now,
Uf (-1) (" + 1)(1 + kdZr=1) " eU !
EO( 1) (°+1)(1+kA$,," Ne[wnt = ¢
(5.22) =-(I+ kA-?h”)‘lelZ:fO(—l)((,’)(f""— ¢

- uf(-l)’(" Jlf 1){(1 + kA (1 + kaZy) s

o+1
+ X (DO B,
=0
where F"~! E"~! W"~/, are as in the proof of Theorem 4.3. Now using the identity

(I+ka@r")" —(1+ka2y)™
= (I+kA2r') ka( 2y - 20 )1 + kaZy)™,

and using the techniques of Section 4,

Z (-1) (" +1 ){(1 + KAL) (1 + kaZy) Y epn !

(5.23)

(5.24) "7 " ctn+l
c*on—1-
Also, as in the proof of Theorem 4.3,
o+1
(5.25) y (_1)’(“ + )E"-f < ck&|u]|u.
=0 c*on+1

Now from (4.23), with @ as in (4.26),

o)fl(l)( Hpn

o+1

- Z (wl)’(" 41- 1)(1 " kA.S?’h"")_l.@e(—&%’T)-!-w("’(t"“’)

Il

1), Z( 1)/ (5)(1 + kAZ7) Be @ (e71) — wO(e711)

ko o+1

NCER = Z (-1) ( ){(1 + kdZp1)™

—(I+ kA_?h")“}Qew<°>(t"—’).
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Hence, using (4.4), (5.23) and as in the proof of Theorem 4.3,
g H{o+1

_ n—1
x (7t )F

=0

(5.26)

< cké|u®|u.
c*n+1
Finally, using the fact that ©*3(-1)/(°7})g(a + t"~') = 0, where « is a fixed
scalar and g is any polynomial of degree < o, and using techniques of Theorem 4.3
(in estimating p),
g o+ 1\in-1
T (o )

=0

(5.27) < k.

c*.n+1
Using (2.24)—(5.27) in (5.22), we get (5.21). O

Let Z; = (Lp)'*R(T/)"?, Q = Q(KL}), (r(z) = P(2)/Q(2)), {" = w" — Uy,
n=20,1,...,n* — 1. We have:

PROPOSITION 5.4. Suppose the eigenvalues of A satisfy ReX > 0, A # 0 and that
(3.5) holds with & > 0. Then there exists c5 > 0 such that for any c* > 0,

C8|I|§n+1 _ g-n i',n+l +([1 _ .@;:]{n+l,§n+l)
+ex([1 = F(kLy) 72, (kLy) %6 +)

< ([1-p1emem) + ex([1— B (kL) em, (kLy~1) )

+Ck2”|§"+1

2
c*.n+1

(5.28)

re{l|@pwn = wr e+l 2RO — U

2
c‘.n+1}

2

+Ck{|l(kLZ)l/2Q_l/2§n 2 + ||(kLZ)q/2Q_1/2§"

+ "(kLZ)(qH)/ZQ_l/Zf"

2
}, 1<ngn*-—1.

Proof. From (5.15) we get

([1 + @:] [§n+1 _ {n],§n+l _ {n) +([I _ g:]{n+l,§n+l)
(529) = ([1-asm5m) - ([0 — 2 ]gm,67) + (g, £7)
—(g:§"+l,§n) + 2([wn+1 _ .@;:W"] + [Q:Uhn _ Uhn+1]’ §n+1 _ {n)

Writing I + #; =1+ r + (%] — r)'), from (3.5) and (4.14) it follows that for
some constant ¢(8) > 0,

(5.30) (1 + @] (e = 7], et = ¢) > ()¢t = ¢
Also,

Ry =Ry == (B ) (R -,
== kb1 + ka2y) (L - 2r )1+ kagyt) e
Hence it follows from (2.5), (2.6), (4.3), (4.13) and (4.14) that
(5.32) () (R — R NI | < k22, g j=0,1.

(5.31)
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Letting O(z) = 1 + z9/2, we can show that there exist constants ¢, > ¢; > 0 such
that ¢,0(z) < 0'%(z) < ¢,Q(z), Vz > 0. It then follows from a spectral argument
that

(5.33) |[@(kLy)] "2 (kL})
Letting Q'/? = QV%(kL}) and Q™! = [Q(KL})] !, we have
(25 -5 57)

1 ) .
= Z k(i+j)/2—1((Thn)(1_J)/2(‘@;: _ .@,’,“1)(T,,”)(1—')/2
i, j=0

< C2.

X [Q—IQI/Z] (kLz)(i(q‘l)"'1)/2Q—1/2§n,
[Q‘IQI/Z](kLZ)(j(q_IH1)/2Q'1/2§")-
It then follows from (5.32) and (5.33) that
([ — i ]sm. )

34
(339 < ck{||(kL:)‘/2Q-1/2§"

(kL) Qg

2
}.
Furthermore, for any & > 0, from (4.14),
|(rgm+t.¢m) = (pem.6m+t) |
(5.35) = ([ = r{gmst = ¢m),6m) = ([p = gt emet = 7))
<elgmet = ol + e
Thus, from (5.29), (5.30), (5.34) and (5.35),
c(8)gm+t = ¢nI + (11— &y 57+, 4m)
< (1= gm.gm) + ke’

(5.36) 2 2
+c{||@mon — w1 + | RiUr - U

+Ck{"(kLZ)l/2Q_1/2§" 2 +”(kLZ)q/2Q_1/2§”

)
Now with {"*! = (kL})/%¢"*! and {" = (KL})'/*¢", we have from (5.15):
([1+ @[+t = 80, 8t = )+ ([1 - )T, Em)
= ([r =@ (kLs)em, (kLy) 27
+([1- ]88 —([1 — &Y (kLp7Y)
(@ F) - (@, )
+2((kLy) 2 [wn*t = Ryw” + RRUR = U], B = ).

1/2

¢, (kLy1) )

Now as before, for some ¢(8) > 0,

(5.37) ([1+ @] (6 = £, 81 = §7) > &(8) 8"+ = £,
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and
(5:38)  |(Z4g7.8m+1) —(Zpgn 1, 8) | < el £t = §n ) + ShP e
Furthermore,
([2 - F18n.87) = ([1 - 1 (kLy) 7 2em, (kLj 1)) = (BE.£7),
where
B=1-3 —(1))" (L)1 - &) (L) (1)
= (1)L - Ly ) (1)

= (T (L) L) (et - ) (1)

+(Lp) (i - 9?;')(Th")l/2 +(T) ALyt = Ly) (1)

+(Ly) (et = ()

By previously used techmques, it can be shown that || B|| < ck. Thus,

| B{n '_ (B[Q-1Q1/2](kLn “I/ZQ 1/2§n,

i,j=0

(070" 2] (kL}) 0128 ")

B

Using the last inequality together with (5.36)—(5.38), we get (5.28). O

Remark. Inequality (5.28) is adapted to the stability result of Theorem 4.1, in the
sense that the last three terms of (5.28) can be shown to match (after dividing by k)
the term

' fGeagye g

Sl m T+ kg i)

in (4.9). The corresponding term in (4.16) is —c,;k(L}7{", {"). Accordingly, by taking
Q = I in the proof of Proposition 5.4, we obtain the following:

cslllf"“ = e mar + ([T = @], £74Y)
er([1 = FI(KLY)em et (kL) gm)
(528') < ([I - 9?,7‘1]{",@) + C*([I - .@:—1](kLZ—1)1/2§n’ (kLZ_l)l/zg‘”)

+ck

f 1t cm@,:‘w" - w

c*on+1

+c||| 21U emer k| (kL)

For our next result, we shall require the following condition
(5.39) (Q-P)z)=c(z+29) Vz>0.

Note that from (3.10) and (3.13), this is satisfied for all IRKC methods for which
v, >1/2,g>3,andy;>1/2,g=1or2.
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THEOREM 5.2. Suppose the conditions of Theorem 4.3 are satisfied, (3.6) and (5.39)
hold and that the eigenvalues of A are real positive. Let {U;"}"_, be the sequence of
fully discrete approximations generated by the second variant of the base scheme. Then
there exist constants 0 < ¢, € < 1 such that if

(5.40) B2 < cet

then

(5.41) S L R P
and

(5.42) max ||U; — u"|| < c&||u®|,.

osngn*

Proof. Let € > 0 be a constant to be appropriately chosen below. Multiplying
(5.21) and (5.28) with kler,__ and using (4.9), we get

2
c*.n+1

(1 = cket, 8" [ioner + ck et JJg"*" = g7
+k_18tn—o{([1 _ @;]§n+l,§-n+l)

+([1 - 2] (kLg) 2gme, (kLg) 2em 1) 411G e

a+1
< (14 S o + kB2 + et,) X 8" Moo
/=1
+ek e, o, + e]{([l — R en)
(5.43) (1= 2] (kL) g, (kLy 1) %em)

o o+1
+ckTBI(1 + etn_u){ I [ LR PR ) |||G”"|||3-*.n—z}
=1

=0

k(1 + B2)(1 + o1, ) 820l — 3([1 — |1 + kL3187, 87)

2

weet, o |(kLp) Q1%

+ ”(kLZ) 4/2Q—l/2§n 2 " ”(kLZ)(qH)/ZQ'l/ZK"

)
o6 + 1 < n < n*— 1. Here ¢is asin (4.9), and we have assumed B, > ck. Now, from
(5.39),
([1 = rp] [T+ e*kLy]E",87)
= ([Q(kLy) = P(RLY)][1 + c*kL3] Q7% Q7V/%¢")

B4 oy g 2

| (key) g

+ gy g e

)
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As in the proof of Proposition 5.4, we can show that
(5.45) ([1-27 5 +([I - é,’:‘l](kLz—l)l/Zg,n, (kLZ‘l)l/zg'n)
= ([1_ r:][l + kLZ]g'",g‘") +¢n,

where " satisfies

(5.46) |47 | < cklll§" les -

Choosing ¢ and B? so that B? < cet,_, < cet* < ¢§ for some ¢ < 1, and sum-
ming (5.43) over n=0+1,...,N — 1 for some o + 2 < N < n*, we get, using
(5.44), (5.45) and (5.46),

flE™]

Lo <eleet .

2 N1 .
c*0+1 + ck E (E + C)"|§1|
j=0

2
*j

o+1 2 o
o T R
Jj=1 Jj=0

N-1
+ck Y &Y ullr, N=o+2,... n*
Jj=0+1

Using a discrete version of Gronwall’s Lemma, we get

(5.47) eI < c{ Eo %

2 2
cw+gwwm}

N=o+2,...,n*

et Tl
j=0

Finally, since

o+1

(5.48) (M Mes s WG Mew s} 1mo < €ENu® s

(5.41) and (5.42) follow from (5.47) and (5.48). O

Remarks. (i) For simplicity, we have assumed that {U;"}3*} are generated using
the first variant. In fact, one can use the second variant itself by suitably changing
the coefficients in (5.19); and, in general, any method for which (5.48) holds.

(ii) The inequality B? < cet,_, implies an O(In k') amount of work in the earlier
steps. However, it can be shown that the average work per step is independent of k

(cf. [5].
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